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CN ' Abstract 

We compute logarithmic corrections to entropy for black holes with hyperbolic horizon. 
^ I For this purpose, we introduce the topological black hole and MTZ black holes in four 
dimensions, while in five dimensions, the topological black holes and Gauss-Bonnet black 
O , hole with negative coupling are considered. As they stand, logarithmic corrections are 
^ • problematic because small black holes with positive heat capacity have negative ener- 
, gies. However, introducing the background state of extremal black hole, the logarithmic 



corrections are performed for black hole with hyperbolic horizon. 
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1 Introduction 



A number of authors have shown that for a large class of black holes, the Bekenstein- 
Hawking entropy receives logarithmic corrections due to thermodynamic fluctuations 
around thermal equilibrium [H [2]. Up to now, a corrected-entropy formula takes the 
form 



Sc = S In 

2 



+ ■■■, (1) 



where C and T are the heat capacity and temperature of the given black hole, and S de- 
notes the uncorrected Bekenstein-Hawking entropy. Here C should be positive for Eq.([Tj) 
to be well-defined. We note that for C > (C < 0), the system is thermodynamically 
stable (unstable). A black hole with negative specific heat is in an unstable equilibrium 
with the heat reservoir of the temperature T [3]. Its fate under small fluctuations will be 
either to decay to hot fiat space or to grow without limit by emitting or absorbing thermal 
radiation in the heat reservoir |4j. Hence it is meaningless to apply Eq.([T]) to the black 
hole with C < 0. There exists a way to achieve a stable black hole in an equilibrium with 
the heat reservoir. A black hole could be rendered thermodynamically stable by placing 
it in AdS spacetimes. An important point is to understand how a black hole with positive 
specific heat could emerge from thermal radiation through a phase transition. To this 
end, one introduces the Hawking-Page phase transition between thermal AdS space and 
Schwarzschild-AdS black hole [HlEllTj. 

It is well known that the entropy-corrected formula of Eq. ([T]) is universal [2j , implying 
that this prescription could apply to all black holes with positive specific heat. We note 
that the canonical ensemble was used to derive Eq.([T]). In this case, the positive energy 
(mass) of the system is needed to define the canonical ensemble. However, small black 
holes with hyperbolic horizon have the negative energy, even though they have positive 
heat capacity. These may be counter examples, because they have negative masses in the 
range Mg < M < with mass of extremal black hole. Hence, a direct application 
of Eq.([T]) to these black holes is not guaranteed for accounting their thermodynamic 
fluctuations. 

In this work, we address this issue and resolve this by introducing the background 
state of extremal black hole, similar to the charged black holes with spherical horizon [S] . 
The difference is that for hyperbolic horizon, its background state energy is negative, 
whereas its background state energy is positive for spherical horizon. In order to avoid 
negative mass, we use the substraction scheme. The entropy-corrected formula is not 
changed because the substraction scheme corresponds to a constant shifting from M to 
E = M — Mg. We will use Eq.([T]) to study thermal fluctuations of black holes with 
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hyperbolic horizon. 

The organization of this work is as follows. Section 2 is devoted to performing the 
logarithmic corrections to topological black hole (4DTBH) and MTZ black holes in four 
dimensions. We study the logarithmic corrections to topological black hole (5DTBH) 
and Gauss-Bonnet black holes in five dimensions in section 3. We discuss the AdS/CFT 
correspondences for these black hole in section 4. Finally, we discuss our results in section 
5. 

2 4DTBH and MTZ black holes 

Topological black holes in asymptotically anti-de Sitter spacetimes were first found in 
three and four dimensions [9]. Their black hole horizons are Einstein spaces of spherical 
[k = 1), hyperbolic {k = —1), and flat {k = 0) curvature for higher dimensions more than 
three [101111]. The standard equilibrium and off-equilibrium thermodynamic analyses are 
possible to show that they are treated as the extended thermodynamic systems, even 
though their horizons are not spherical. The topological black holes in four- dimensional 
AdS spacetimes are given by 

dsloTBH = g^ludx^dx'' = -fT{r)dt^ + -j^dr'^ + r^d^l, (2) 

fAr) 

where the metric function fT{f) is given by 

2 

771 V 

Mr) = k-- + j^. (3) 
describes the 2D horizon geometry with a constant curvature 

dTl = d9^ + fl{e)dct^\ (4) 

where fkiO) is given by 

W) = e, Me) = sine, f^,{e) = sinh^. (5) 

Here we define k=l, 0, and —1 cases as the 4D Schwarzschild-AdS black hole (4DSAdS), 
4D flat-AdS black hole, and 4D hyperbolic-AdS black hole (=4DTBH) [I2], respectively. 
In the case of = 1, m = 0, we have an AdS4-spacetime with its curvature radius /. 
However, m 7^ generates the topological black holes. It is easy to check that the metric 
([2]) satisfies Einstein's equations with a negative cosmological constant 

3 

R^lV — J^QflUy (6) 
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when the horizon is an Einstein space 



Rij — khij. (7) 

In this work, we are interested in the negative curvature with k = —1 only. Then, the 
horizon space is a hyperbohc manifold of = H'^/T, where is 2D hyperbolic space 

and r is a suitable discrete subgroup of the isometry group of [T3] . 

First of all, the 4DTBH provides thermodynamic quantities of Hawking temperature 
Tt, mass M^, entropy St, heat capacity Ct, and free energy Ft = Mt — TtSt 



2 ;2 



St - Ct 



3pl - 1' 
3pl + P 



where a denotes the area of a unit 2D hyperbolic space and p+ is the outer horizon 

which satisfies /t = with k = —1. We note that the first-law of thermodynamics 
(IMt = TTdST holds for the 4DTBH. Also we observe that the entropy satisfies the 
area-law. 

Importantly, we observe that the temperature and heat capacity are positive for > 
pe = l/^/S, while the mass is positive only for p+ > /. This means that any canonical 
ensemble is not defined for p+ < /. Thus it seems that the entropy-correction formula 
of Eq.([l]) is useless for describing thermal fluctuations of the small 4DTBH. This arises 
mainly because its horizon geometry is hyperbolic. 

In order to resolve this problem, we have to choose an appropriate substraction scheme. 
In the Reissner-Norstrom-AdS black hole, one has introduced the extremal black hole as 
the background state to define an appropriate free energy in the canonical ensemble [8]. 
Similarly, we wish to introduce the extremal black hole at p+ = pe as the background 
state even though the charge is absent in the 4DTBH [H]. In this case, we define the 
positive energy as 

Et = Mt- M| (10) 
with respect to the negative background energy 

M'=Mt\,-i = . (11) 

Although one uses Et instead of Mt, all thermodynamics except Ft remain unchanged. 
The free energy is an important quantity to discuss the global stability and phase transi- 
tion. In this case, it is shifted by F^ = Et — TmSm- Then, for p+ > pe, we may use the 
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corrected-entropy formula to study thermodynamic fluctuations around the equilibrium 
4DTBH. We prove it by showing that the root-mean-square energy fluctuations defined 
by the square root of 



< {AEtY >= CtT^ 



(12) 



remains unchanged under the change from Mt to Et- In deriving Eq.([T]), one has used 

with 5"' =< A/P > - < M >2= CT^. It is easy to check 



S 



|ln5" + ■ 



< E"^ > - < E >2=< > - < M >2 under the shifting M ^ E = M - M^, which 
is also confirmed by noting that CT^ is an invariant quantity. Then, the mass (energy) 
becomes positive and thus one could define the canonical ensemble to discuss its thermal 
fluctuations around the equilibrium configuration. Importantly, the entropy-corrected 
formula is not changed because the substraction scheme corresponds to a constant shifting 
from M to E. 

For a large 4DTBH with p+ ^ /, we have approximate forms 



2St, Trp ~ 



which leads to an approximately correct-entropy formula 



T 



St — In 



S7 



+ 



(13) 



(14) 



This is the same form as for large 4DSAdS [2J. Furthermore, we note that the Smarr 
formula of M = TS/2 (Euler relation) is not satisfied for the choice of either M = Mt or 
Et- 

On the other hand, the MTZ black hole dressed by scalar could be obtained from the 
Einstein action minimally coupled to a scalar in AdS spacetimes [I5] 



h[9, ^] = / d'^xy/^ 
where the potential V{(j)) is given by 

¥{<!>) = 



R-2Ka 1 



IQtiGa 



-(V0)2-\/(0) 



sinh 



U-kGa 



(15) 



(16) 



Here A4 = —3/1'^ with / the curvature radius of AdS4 spacetimes. For = case, 
we obtain the action for the 4DTBH. In order to understand the role of scalar and its 
potential, it would be better to go the conformal frame by introducing a conformal factor 
\1' = ^S/^TrGi tanh[y^47rG'4/30]. Performing a conformal transformation as g^j^i, = (1 — 
47rG\l/^/3)~^5'^i., the action /4 takes the from 

'R-2Ai 1 



d X 



IGttG, 



(V^)^ 



12 



2nG , 
~3P 



(17) 
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where a conformally coupled scalar \E' appears with the conventional potential In 
connection with higher derivative terms, this potential may play a role of curvature- 
squared term R^. It provides a black hole dressed by scalar with hyperbolic horizon. On 
the other hand, for = 0, one has the action for 4DTBH, Eq.(l2]). Then, the solution of 
the MTZ black hole is given by 

Mr) 

where the metric function fui^) is given by 



dsl, = -fM{r)de + — — + r^rfSi 




/M(r) = - - ( 1 + ^ ) (19) 



and a conformally coupled scalar has the configuration 



Thermodynamic quantities of the MTZ are given by Hawking temperature Tm, mass 
Mm, entropy Sm, heat capacity Cm, and free energy Fm = Mm — TmSm by [IHl [161 E] 



T, 



M 



1 

2^1 



2r^ 

T 



1 



2(^3 \ „ , , a ar^ /r 



,,,3;5«.A4,-j^M=j^if -1). (21) 



where r+ is the outer horizon which satisfies /m = 0. We note that the first-law of 
thermodynamics dMM = TMdSM is satisfied for the MTZ. Also we observe that the 
entropy 5*^./ was obtained by using the Wald's formula but it does not satisfy the area- 
law. Importantly, the temperature and heat capacity are positive for r+ > re = 1/2, 
while the mass is positive for r+ > / only. This means that any canonical ensemble is 
not suitable for describing the case of r+ < Z and thus the corrected-entropy formula of 
Eq.([l]) may be useless for the small MTZ black hole. 

In order to resolve this problem, we have to choose an appropriate background state. 
Similarly, we introduce the extremal black hole as the background state even though the 
charge is absent in the MTZ black hole, too. For the MTZ black hole, we define the 
positive energy as [18] 

Em = Mm-MI, (22) 

with the background state energy 

MM = MMUi = -^. (23) 
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Although one uses Em instead of Mm, all thermodynamics of the MTZ except Fm = 
Em — TmSm remain unchanged. Nicely, we check that the Smarr formula 

Em = ^ (24) 

is satisfied for r+ > only when using the positive energy Em- This implies that we 
could use the corrected-entropy formula to see thermodynamic fluctuations around the 
equilibrium MTZ, even though its entropy does not satisfy the area-law. In this case, we 
have a corrected-entropy formula for r_|_ > r^. 



3 

Sm = 'S'm ~ 2 



S 



M 



+ ■■■ (25) 



which is the same formula for the non-rotating BTZ black hole [2] whose thermodynamic 
quantities are given by 



T, 



B 



Here we have the Smarr formula of Eb = TbSb/'^ for the non-rotating BTZ black hole. 
Two are very similar in the sense that they satisfy the Smarr formula and have the same 
corrected-entropy formula. A difference is that these formulae are valid for the outer 
horizon r+ > rg of MTZ black hole and for any size of non-rotating BTZ black hole. 
Furthermore, we derive thermodynamic quantities for large MTZ black hole with r+ ^ / 
as 

- S^- - £k' ^ " is:- ^« - -£k <'^> 

which show the nearly same behavior as Eq. ( !26l) is shown. Particularly, choosing a = tt/I 
leads to close relations of Tm = 2Tb, Mm = 2Mb, Em = ^Fb, Sm = Sb, Cm = Cb- This 
suggests that the MTZ black hole dressed by scalar is a corner stone for the 4D black 
hole physics as the non-rotating BTZ black hole does play a key role in the 3D black hole 
physics. 

3 5DTBH and Gauss-Bonnet black holes 

In five dimensions, the topological AdS black holes are given by 

dslnTBH = -h{r)de + -^dr^ + rHT^l (28) 
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where dT,l = dy^ + h\{x){.d6'^ + sin^ describes the 3D horizon geometry with a 

constant curvature. Further h{r) and hkix) ^-^^ given by 

2 

Tfl T 

h(r) = k - — + hoix) = X, hiix) = sinx, h_i{x) = sinhx- (29) 



r 



£2' 



Here we define k=l, 0, and —1 cases as the 5D Schwarzschild-AdS black hole (SDSAdS) 
[I91I20], 5D fiat-AdS black hole, and 5D hyperbohc-AdS black hole (5DTBH) [21], respec- 
tively. We are interested in the k = —1 case only. In this case, the location of the event 
horizon is given by 
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rl = -[l + ^Jl+4m/e). (30) 

The relevant thermodynamic quantities of Hawking temperature Tt, mass Mt, Bekenstein- 
Hawking entropy St, heat capacity Ct, and free energy Ft = Mt — TtSt are given by 



2ri-£2- 



Vsrl 



2ri + P 



2 

2 ».2 



V3T / 



where V3 is the volume of a unit 3D hyperbolic space Sfc=_i and G5 is the five-dimensional 
Newton constant. Here we find that Tt, Ct > for r+ > = 1/^2, while Mj > for 

> I. It seems that any canonical ensemble is not defined for r+ < / and thus the 
entropy-correction formula of Eq.([T]) is meaningless for the small 5DTBH. 

In order to cure this problem, we have to find an appropriate substraction scheme. 
Similarly, we introduce the extremal black hole as the background state . In this case, we 
define the positive energy as 

Et = Mt- (32) 

with the background state energy 

M-M,L^.^^-^. (33) 

Although one uses Et instead of Mt, all thermodynamics except = Ft — TtSt remain 
unchanged. This implies that for r+ > rg, we could use the corrected-entropy formula to 
study thermodynamic fluctuations around the equilibrium 5DTBH. 
For a large 5DTBH with r+ ^ /, we have approximate forms 

Ct ~ ?>St, ~ Sf (34) 



which leads to an approximately correct-entropy formula 

5 
6 



S', ^ St-l\Ti\St]+---. (35) 
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This is the same form as for large SDSAdS [21 [22] • Furthermore, we note that the Smarr 
formula is not satisfied for the choice of either M = Mf or Et. 

In order to find a 5D version of MTZ black hole, we may consider the 5D action 
like Eq.([I7]) with replacing the last two terms and A4 by (3/32)i?\E'2 + a5\&^°/^ and A5. 
However, it was turned out that there is no solution like the MTZ black hole in AdSs 
spacetimes [IH]. That is, there is no such a 5D black hole dressed by scalar. Instead, 
we consider a similar black hole with hyperbolic horizon. This may be found from a 5D 
gravitational action in the presence of a negative cosmological constant A5 = —6//^ and 
Gauss-Bonnet (GB) term as 



h[g,c] 



1 



16nG. 



R 



2A5 + -Lgb 



(36) 



where 



(37) 

Here c is a GB coupling constant having mass dimension —2. For c = 0, this action 
reduces to the action for the 5DTBH, Eq. (p8i) . The solution of the TGBAdS black hole 
is given by 



-fg{r)de + 



W) 



The metric function is given by 



A; H 

2c 



1 



3 Vr^ P 



Hereafter, we consider the negative coupling of c < with k = —1 and e 
accordance with the hyperbolic horizon. 

For the TGBAdS black hole, we have relevant thermodjTiamic quantities 



(3^ 



(39) 



— 1 in 



T 




V3fi 3V3ri 



1 + 



{2rl + P) - (2c/r2 ) {Qrl - P) 



mm 

(40) 



P 



2c 



levrGg {rl - 2c) 

where we point out that Sg was derived using the first-law of thermodynamics and thus 
it does not satisfy the area-law. Here we find that Tg, Cg > for r+ > rg = l/\/2. On 
the other hand, one has Mt > for r+ > tq where 



ro = ^\ll + \/l-Ac/P>l 



(41) 
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which is determined by the massless condition of Mg = 0. This means that any canonical 
ensemble is not defined for < tq and thus the entropy-correction formula of Eq.([T]) 
is useless for the small TGBAdS. In order to solve this problem, we have to find an 
appropriate background state. We introduce the extremal black hole as the background 
state. In this case, we define the positive energy as 



(42) 



with the background state energy 
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M, 



9 r_i_= — 



At this stage, we find an important equality for energies 



(43) 



E„ = Et 



2 72 

12 ^ 4^2 



(44) 



Although one uses Eg instead of Mg, all thermodynamics except Eg = Eg — TgSg remain 
unchanged. This implies that for r_|_ > rg, we could use the corrected-entropy formula to 
see thermodynamic fiuctuations around the equilibrium TGBAdS. For a large TGBAdS 
with r+ ^ /, c, we have approximate forms 



Cg ~ 



n2 

^9' 



3S'„, ~ 



Sn 



(45) 



which leads to an approximately correct-entropy formula 



Sl-Sg--\n 



Sn 



+ 



(46) 



This is the same form as for large SDSAdS Furthermore, we note that the Smarr 
formula is not satisfied for the choice of either M = Mg or Eg. 



4 Boundary conformal field theories 

The holographic principle means that the number of degrees of freedom associated with 
the bulk gravitational dynamics is determined by its boundary spacetime. We start with 
the bulk-relation between the entropy and energy for the non-rotating BTZ black hole 

which is derived using Eb = and Smarr formula of Eb = -^-^S^- 
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Also this could be recovered from the CFT on the boundary at infinity using the Cardy 
formula 

Sc.T = 2.^+2.^ (48) 

with 

c = c= Lo = Lo = (49) 

This means that the AdS3/CFT2 correspondence was realized for counting the BTZ black 
hole entropy. 

However, as far as we know, there is no definite realization of the AdS4/CFT3 cor- 
respondence. Hence, we may try to understand this correspondence by analogy of the 
non-rotating BTZ black hole. First of all, we find the similar relation from Em = "^^g^" 
and the Smarr formula of Eq. (1241) as 



Sm = ^^—of- = 2vr/v/(-4M|,)EM (50) 
which is valid for the outer horizon r+ > rg. Assuming that the Cardy formula 



^ = 2vr/i/^ + 27:1 J ^ (51) 



with 



C3 = C3 = = -24MX,, = If = ^ (52) 

holds in three dimensions, we may recover the entropy Sm from the boundary CFT3 
entropy S^pj,. We note that Eqs. lCT]) and ^% are just our proposition. This is because 
we do not know what is the exact Cardy formula for the boundary CFT3. One thing to 
show is that one may recover the bulk entropy Sm from the presumed formula (15T1) with 

The AdS5/CFT4 correspondence represents also a concrete realization of the holo- 
graphic principle. In this case, there is no Smarr formula to derive a direct relation like 
Eqs.( H7|) and ( l50l) . Instead, one proposes the Cardy- Verlinde formula for a strongly cou- 
pled CFT4 with its AdS dual [26]. It is known that this formula holds for various kinds 
of asymptotically AdS spacetimes including the TAdS black holes [2]. The boundary 
spacetimes for the CFT4 are defined through the AdS5/CFT4 correspondence [27] 

From the above, the relation between the five-dimensional bulk and four- dimensional 
boundary quantities is given by Ecft = {l/R)E and Tcft = {i/R)T where the size of 
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boundary space R satisfies Tcft > 1/R- As is expected, we obtain the same entropy: 
ScFT = S. We note that the boundary system at high temperature is described by the 
CFT-radiation with equation of state p = Ecft/'^Vs. Then, the Casimir energy defined 
by Ec = '2>{E c FT +pVz— Tcft Soft) |2H] is necessary to obtain the Cardy-Verlinde formula 



5 



CFT 



2nR 



Ec{2E, 



CFT 



Er 



(54) 



The non-zero Casimir energy reflects that the Euler relation is not satisfied. We find the 
boundary thermal quantities for 5DTBH as functions of f = r+// [T2l [22l [29] 



^CFT 



Et 



" R 

3F3Kf2(2f2 

R~ 



rpt 

-I- CFT 



2nR 



2f' - 1 



(55) 



with K = /^/IGvrGs. On the other hand, for the TGBAdS case, we find the boundary 
thermal quantities 



^CFT 



El 



~ R 
3V3Kf^{2f^ 
R~~ 



1 + 7^ 



n^9 
; -^CFT 



27ri?(f2 - 2c) 



2f^ 



(56) 



5C r 



2c 



2c 



Concerning the AdS/CFT correspondence, we remind the reader that the boundary 
CFT4 energy {Ecft) should be positive in order for it to make sense. Also the Casimir 
energy (Ec) is related to the central charge of the corresponding CFT4. If it is negative, 
one may obtain a non-unitary CFT4. In this sense, for f > 5DTBII provides a non- 

unitary conformal field theory because of E^^pj. > and E^ < 0. Similarly, for TGBAdS 
with c < and f > 1/ ^/2, it provides a non-unitary conformal field theory with Efjprp > 
and E3 < 0. For f < 1/^2, two cases are not well defined because of negative energy and 
temperature on the boundary. Hence we do not have any Cardy-Verlinde formula for the 
5DTBH and TGBAdS. 

Finally, we introduce the Cardy-Verlinde formula ( |5^ to show whether or not the sub- 
straction scheme does improve the boundary CFT4 of the topological black hole. However, 
it does not resolve an original issue of the non-existence of Cardy-Verlinde formula for the 
topological black holes. 
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5 Discussion 

We believe that for a large class of black holes, the Bekenstein-Hawking entropy receives 
logarithmic corrections due to thermodynamic fluctuations around thermal equilibrium. 
However, small black holes with hyperbolic horizon have the negative energy, even though 
they have positive heat capacity. Hence, a direct application of Eq.([T]) to these black 
holes is not suitable for investigating their thermodynamic fluctuations. We resolve this 
issue by introducing the mass of extremal black hole as the background state energy for 
4DTBH, MTZ, 5DTBH, TGBAdS black holes. In order to avoid negative mass problem, 
we use the substraction scheme. The entropy-corrected formula is not changed because 
the substraction scheme corresponds to a constant shifting from M to E = M — Mg. We 
have used Eq. ([1]) to study thermal fluctuations of black holes with hyperbolic horizon. 

Especially, we find that the MTZ black hole dressed by a scalar has the best thermody- 
namic property in AdS4 spacetimes as the BTZ black hole does show in AdSs spacetimes. 
Hence we propose the MTZ black hole with hyperbolic horizon as the corner stone to 
study the 4D black holes in AdS4 spacetimes, better than the Schwarzschild-AdS black 
hole. This is because the Schwarzschild-AdS black hole with spherical horizon could not 
provide a completely thermodynamic picture as the MTZ black hole does show [201 122] ■ 
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